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Types and Abstract Interpretations

e Many approaches exist to drawing static conclusions about programs
e Understanding their relationships formally is an important part of
understanding trade-offs

e T[ypes vs Abstract Interpretations are a recurring theme
o Cousot (1997) captures several typed lambda calculi as abstract interpretations
o Many people have argued that all type systems are abstract interpretations
m (Seems wrong for “full-spectrum” dependent type theories, especially
Homotopy Type Theory, but that’s a longer discussion for another time.)
o This is a fruitful perspective, even for type theorists
m Type inference
m Alternative machinery for soundness



An Incomplete History of Effect Systems as Abstract
Interpretations

Vouillon and Jouvelot (1995): Unpublished report develops equivalent abstract
interpretation and effect system for time complexity analysis

Skalka and colleagues (2008, 2020) build effect systems that essentially
perform trace-based abstract interpretation

Tang and Jouvelot (1994), Holdermans and Hage (2010), cover control flow
analysis via effect systems

Hofmann and Chen (2014) build an abstract interpretation from Blchi
automata, use that as an effect system

Nicola et al. (2025) explicitly construct an effect system for policy checking as
an abstract interpretation


http://cri.ensmp.fr/classement/doc/A-273.pdf

Cousot’s (1997) Types as Abstract Interpretations

Take simply-typed lambda calculus

Notice domain-theoretic semantics are already a domain

Denote terms as (meta-)functions from environment to values

Types form an abstract domain

Static type environments form an abstract domain

Can give a typing — pair of type env. and type — as abstract domain
Build the Galois connection

Tada! Types (for STLC) are abstract interpretations!

Then he revised the constructions to model polymorphism
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Effect Quantales (Gordon 2017, 2021)

An algebraic model of flow-sensitive effects

e A structure Q=(E,>Ll,l) where

o (E,>I)is a partial monoid (i.e., program order)

o (E,Ll)is a partial join semilattice (i.e., non-determinism)

o > distributes over |
Extends to iterable effect quantales, with a (partial) finite iteration
Captures most (non-dependent) flow-sensitive effects in the literature
Subsumes flow-insensitive bounded-join-semilattice model
General treatments for control operators (2020) and error reporting
(2023)
D



Soundness for Effect Quantales (Original)

Gordon (2017, 2021) gives a soundness guarantee of the form:

When for a closed program, e : 7| X
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Some Denotational Semantics

W ={w} error S[-] : Expression — S

U=tt unit S[tt]|=AR. {{T tt,I)}
fevVaeW, U, & [V—-P(V|XQ*)]. values S[x]=AR. {{R(x),I)}
ReR=X->V environments S[[Ax : r.e|=AR. {{T (Ax.% > (S[e](R[x « x]))).I)}
peS=R—P(VxQ¥ sem. domains S[[e1 e2]|=AR.S[[e1 ] (R) == (A(f.Th).

(f=1Vf=Q)?(f[H):

S[[ez]](R) == (A(a, Tz)
(a=1LVa=Q)?{(all; - TL):
(nonfunc(f) ? (Q,T; - TL):
let (u, T3> = f ain (u, Tl B Tz 2 T3>)))

S[ev() [=AR.{(T tt[ )}
S[lif* e; ef][=AR.S[e: ] (R) U S[er] (R)
S[recsx : 7. e|=AR. fp; a4.9) (A@.S[Ax : T. e[ (R[f < ¢]))



Effects as Abstract Domains (Setup)

Yo(-) : Q = (P(Q%))
Effect quantales are already orders, but.. vo(x) = {T | fold > ITC )
e The natural abstract operations (post-composition) are partial

e The ordering is partial

Could use partial Galois connections!
But then we’d have to adapt any other abstract interpretation results
later.

Instead, complete for a normal Galois connection:

1. Complete the monoid

2. Complete the order
D



Completion, in Two Steps

1. Monoid completion
a. Add an extra element %, roughly “did stuff in a bad order”
b. Initially unordered w.r.t. other elements

2. Order completion

a. Standard / Dedekind-MacNeille completion

b. Elements are now set S such that (SY)' =S

c. Injectx€Q as ¥x

d. Joins of unordered elements (e.g., of original element and %) are now Q

We call the result G(Q)



y(=) : C(Q) = P(Q%)
Effects as Abstract Domains  y(S) = U, es{T | fold> I T C y}

Same general idea:
X €Q embeds as set of sequences that >-compose to Ly

But now we embed ©(Q), which is a set of elements (incl. %)
So we union the naive approach over everything in the set

Abstraction is simply the corresponding most precise operator



Typings, including effects

e Types and environments are
y(=) : Type — P(V)

concretized as in Cousot (1997) y&nit) = {tt}
o Except latent effects Y50 = (A1) | Vo € v(). f o € (r()x ¥}
e Typings pick up effects y(=) : TypeEnvironment — P(R)
y(e) = {0} (ie., the singleton set with empty function)
e Types and effects are y(T,x:7) ={ReR | 3R € y(T). 3o € y(r). R = R[x — 0]}
independent y(-) : Typing = P(V X Q")

y((Lz[x)) ={¢ € S| VR € y(I). ¢(R) €|y(2) X y(x)}

TFrezg | Y = <l'" T,l X> c T[[e]] Ay € Q y(-) : ProgramType — P(S)

y(D =N{y(Lo ) | Tz ) € T)

Figure 3. Concretizing parts of a type-and-effect system.




Lemma 5.1 (Type Safety). IfT' Fe: 7| y, then
So Where Does This Get Us? Slel < vz L X))

or stated equivalently,

Vo € S|le]. VR I).#(R
e A systematic relationship: ¢ € S[le]. VR € y(I). #(R) € y(r) xy({ x)

all effect quantale systems can be abstract domains

e An alternative formulation of soundness for sequential effects

o Paper has safety proof of type rules
o Similar to semantic/logical type soundness

e A foothold on bridging rich theory of abstract interpretation

systematically for uses in type-and-effect systems

o Paper compares standard abstract interpretation derivation of iterative
approximation to effect quantale iteration



