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Abstract
Many forms of static reasoning about program behaviours

are known in the literature, yet formal relationships are

studied surprisingly infrequently. While most type systems

are well-known to be captured by abstract interpretations,

the situation for type-and-effect systems is, in the general

case, unsettled despite strong hypotheses and occasional

framing of effect systems as abstract interpretations.

We develop a formal relationship between abstract inter-

pretations and a general class of effect systems. First, we

describe an embedding of effect quantales into abstract do-

mains. Second, we recover the general form of an effect sys-

tem as an abstract interpretation — not on states or values,

but on event occurrences.
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1 Introduction
Static type systems have long been viewed as effectively a

kind of abstract interpretation [11]. Implicit in this view is the

belief that this applies to effect systems as well. A number of

effect systems have been proposed which effectively perform

abstract interpretations [31, 33, 51, 53], sometimes explicitly

formalizing effects as abstract domains [30, 44, 52, 55]. Vouil-

lon and Jouvelot [59] even proved equivalence between an

abstract interpretation and an effect system for a time com-

plexity analysis to explore the two techniques’ similarities.

But this relationship has not been systematically studied

before in a way that establishes general relationships, rather

than relationships (either equivalence or defining effects via

This work is licensed under a Creative Commons Attribution-

NonCommercial-NoDerivatives 4.0 International License.

NSAD ’26, Oakland, CA, USA
© 2026 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-2933-1/2026/10

https://doi.org/10.1145/3840563.3843706

abstract interpretation) for specific systems. We partially sys-

tematize the techniques’ relationship, describing a general

construction of an abstract domain of trace properties from

an arbitrary effect quantale [25], thus showing that many ef-

fect systems can be reconstructed as abstract interpretations.

This draws a broader formal connection between two ap-

proaches to static analysis. Effect quantales as a framework

have, like abstract interpretation’s domains, been used both

to guide the design of new analyses [4, 47], and as a basis

for transforming an effect system into one with improved

precision [29] or additional constructs such as loops [25] or

continuations [24]. The relationship also raises questions

about the relationship between abstract interpretation and

the logical approach to type soundness [57], where typing

judgments denote judgements in a program logic (typically

separation logic). The earliest systematic version of this ap-

proach [16], used to prove type safety for a data-race-free

C# dialect [28], involved giving denotations of types as sets

with additional properties, in a way highly reminiscent of

Cousot’s [11] concretization of types as program proper-

ties. Better understanding the relationship between effect

systems and abstract interpretation may permit transfer of

constructions in both directions, and may open new ways to

study soundness or inference for effect systems.

2 Preliminaries
We assume familiarity with abstract interpretation based

on Galois connections [13, 14], and focus on recalling effect

systems in general, and effect quantales in particular.

Effect systems have a lengthy history [22, 40] as a way to

augment type systems to reason about side effects of interest

in a program: which regions of memory are accessed [9, 40],

which locks’ data are accessed [17, 18], which synchroniza-

tion actions are performed [19, 27, 54], and of course the

classic checked exceptions [6]. Most effect systems ignore

program order, tracking only sets of things that could oc-

cur during execution. But even fairly early, the notion of

an effect system was extended to deal with program order,

initially tracking the order of messages sent in Concurrent

ML [3, 45, 46], and later other concurrency properties [10, 19,

27, 32, 54], general temporal properties [30, 37, 49], dataflow

analysis [31, 33], and more.

Effect systems that ignore program order typically have

effects that form a bounded join semilattices [43] — be-

haviours of any two program fragments are combined by

over-approximating both with a join. For order-aware effect
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systems, sometimes called flow-sensitive or sequential [56],
a variety of approaches exist; see Gordon [25] for a survey.

Effect quantales [23, 25] are the most fully-developed frame-

work, with systematic approaches to deal with iteration [25],

arbitrary control flow [24], and precise error reporting [29].

Definition 2.1 (Effect Quantale). An effect quantale is a

carrier set 𝑄 equipped with a partial binary join ⊔ and a

partial monoid ▷ with unit 𝐼 , which additionally satisfies

the distributive laws 𝑥 ▷ (𝑦 ⊔ 𝑧) = (𝑥 ▷ 𝑦) ⊔ (𝑥 ▷ 𝑧) and
(𝑥 ⊔ 𝑦) ▷ 𝑧 = (𝑥 ▷ 𝑧) ⊔ (𝑦 ▷ 𝑧)

We identify the algebraic structure with its carrier set

when no ambiguity results. ⊔ is used to over-approximate

unresolved finite branching (e.g., conditionals), while ▷ is

used to model program ordering (e.g., sequencing operations

according to evaluation order). Note that a bounded join

semilattice is a (total) effect quantale when reusing the join

as the sequencing operation. The partial operations model

early rejection of locally-invalid operations, such as repeated

acquisition of a non-reentrant lock. In every effect quantale,

we obtain a partial order 𝑥 ⊑ 𝑦 ⇔ 𝑥 ⊔ 𝑦 = 𝑦.

2.1 A Simple Language with Effects
Effect quantales allow extending type systems with effect

tracking, using the different operators to capture or discard

program evaluation ordering. Figure 1 shows a small call-

by-value lambda calculus with non-deterministic branching.

The judgment Γ ⊢ 𝑒 : 𝜏 | 𝜒 can be read as roughly “under

local variable typing assumptions Γ, terminating executions

of 𝑒 will produce a value of type 𝜏 while causing side ef-

fects summarized by 𝜒 .” Notice that function types carry the

latent effect of the function, tracking the function body’s be-

haviours which do not occur until it is invoked — captured in

the type rule for function application, which sequences (via

▷) the behaviours of the left and right expressions, followed

by the latent effect. Primitive behaviours are raised, for sim-

plicity, by a construct ev(−) which raises a specific effect 𝜒 .

Recursive functions can encode common looping constructs:

while∗ 𝑒 ≡ (rec𝑓 𝑥 : unit. if∗ 𝑥 (𝑓 𝑥)) tt

The vast majority of effect systems are insensitive to val-

ues, so non-deterministic branching captures the core as-

sumptions of effect quantales as well as other semantic (cate-

gorical) generic models of effect systems. The use of the event

primitive ev(−) may be more surprising from an abstract

interpretation perspective, despite being quite standard in

effect systems, because it means the events are not obviously

connected to program semantics. Many effect systems reason

about sequences of external interactions (for which no for-

mal semantics exist) or about internal steps such as throwing

an exception (in which case tagging throws is sufficient to

distinguish throws inside a corresponding try-catch). With

more space we could pursue parameterize the language by

T-Unit

Γ ⊢ tt : unit | 𝐼

T-Var

Γ (𝑥 ) = 𝜏

Γ ⊢ 𝑥 : 𝜏 | 𝐼

T-Lambda

Γ, 𝑥 : 𝜏 ⊢ 𝑒 : 𝜏 ′ | 𝜒

Γ ⊢ (𝜆𝑥 : 𝜏 . 𝑒 ) : 𝜏
𝜒
−→ 𝜏 ′ | 𝐼

T-App

Γ ⊢ 𝑒1 : 𝜏
𝜒
−→ 𝜏 ′ | 𝜒1 Γ ⊢ 𝑒2 : 𝜏 | 𝜒2

Γ ⊢ 𝑒1 𝑒2 : 𝜏 ′ | 𝜒1 ▷ 𝜒2 ▷ 𝜒
T-Ev

Γ ⊢ ev(𝜒 ) : unit | 𝜒

T-Branch

Γ ⊢ 𝑒1 : 𝜏 | 𝜒1 Γ ⊢ 𝑒2 : 𝜏 | 𝜒2
Γ ⊢ if∗ 𝑒1 𝑒2 : 𝜏 | 𝜒1 ⊔ 𝜒2

T-Rec

Γ, 𝑓 : 𝜏
𝜒
−→ 𝜏 ′, 𝑥 : 𝜏 ⊢ 𝑒 : 𝜏 ′ | 𝜒

Γ ⊢ (rec𝑓 𝑥 : 𝜏 . 𝑒 ) : 𝜏
𝜒
−→ 𝜏 ′ | 𝐼

T-Sub

Γ ⊢ 𝑒 : 𝜏 | 𝜒 𝜒 ⊑ 𝜒 ′

Γ ⊢ 𝑒 : 𝜏 | 𝜒 ′

ev(𝜒 )
𝜒
↩−→ tt

(𝜆𝑥 : 𝜏 . 𝑒 ) 𝑣 𝐼
↩−→ 𝑒 [𝑥 ↦→ 𝑣 ]

(rec𝑓 𝑥 : 𝜏 . 𝑒 ) 𝑣 𝐼
↩−→ 𝑒 [𝑥 ↦→ 𝑣, 𝑓 ↦→ (rec𝑓 𝑥 : 𝜏 . 𝑒 ) ]

𝑒1 𝑒2
𝜒
↩−→ 𝑒′

1
𝑒2 if 𝑒1

𝜒
↩−→ 𝑒′

1

𝑣1 𝑒2
𝜒
↩−→ 𝑒1 𝑒

′
2

if 𝑒2
𝜒
↩−→ 𝑒′

2

if∗ 𝑒1 𝑒2
𝐼
↩−→ 𝑒1

if∗ 𝑒1 𝑒2
𝐼
↩−→ 𝑒2

Figure 1. A simple effect language

state and update primitives [25], with a formal interpretation

of effects as relations on states.

Type safety for this calculus can be obtained via standard

syntactic techniques [25], yielding a guarantee that if

· ⊢ 𝑒0 : 𝜏 | 𝜒 and 𝑒0
𝜒1−−→ 𝑒1

𝜒2−−→ 𝑒2 . . .
𝜒𝑛−1−−−→ 𝑒𝑛

then there exists a 𝜒𝑛 such that · ⊢ 𝑒𝑛 : 𝜏 | 𝜒𝑛 and 𝜒1 ▷
𝜒2 ▷ . . . ▷ 𝜒𝑛−1 ▷ 𝜒𝑛 ⊑ 𝜒 (which, implies that the sequential

composition is defined and therefore valid). We will develop

type safety results using abstract interpretation instead.

2.2 Examples of Effect Systems
Most readers are likely familiar with the most widely-used

effect system: Java’s checked exceptions, where effects are

the set of exceptions that may be thrown. Some are likely

familiar with the modern twist of an effect system tracking

which algebraic operations may be invoked [5]. But we are

concerned with the generalization to cases where order of op-

erations, not only their enclosing constructs, are important.

Figures 2 recalls Tate’s [56] effect system for tracking use

𝜀

criticallocking entrant unlocking

▷ locking unlocking critical entrant 𝜀

locking − entrant locking − locking
unlocking critical − − unlocking unlocking
critical − unlocking critical − critical
entrant locking − − entrant entrant

𝜀 locking unlocking critical entrant 𝜀

Figure 2. Tate’s critical section effects as an effect quantale

Crit. − represents an undefined result for composition.
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of non-reentrant critical sections — those where recursive

acquisition is unsupported, and therefore an error. If acqui-

sition acq() has effect locking and release rel() has effect
unlocking, this effect system classifies code that acquires; re-

leases; acquires-and-releases (entrant); assumes-and-leaves-

acquired (critical, for code which releases and reacquires

or uses the mutually-exclusive resource); and code which

is insensitive to the critical section (𝜀). Note that repeated

locking or unlocking is undefined, as is the join of effects

corresponding to different locking behaviour — as with reg-

ular type systems, effect systems perform both the analysis

and rejection of unsatisfactory analysis results (by declining

to assign any effect to ill-behaved code).

3 Abstracting Trace Semantics
We begin by developing denotational semantics for the lan-

guage of the previous section, loosely following the approach

of Cousot [11] in abstracting directly from denotational se-

mantics. As noted above, unlike the traces most often con-

sidered in abstract interpretation, effect systems are often

concerned with sequences of events, rather than states.

This is most explicit in the concrete semantics, where

computations produce values alongside a trace of events

triggered/emitted in the process of producing that value.

Thus we model expression semantics as (meta-)functions

from environments to computations of value-trace pairs.

Because our language treats branching non-deterministically,

computations produce sets of these pairs — different branches

may yield potentially different values and traces.

W = {𝜔} error

U = tt unit

𝑓 ∈ V ≃W⊥ ⊕ U⊥ ⊕ [V→ P(V ×𝑄∗)]⊥ values

𝑅 ∈ R = X→ V environments

𝜙 ∈ S = R→ P(V ×𝑄∗) sem. domains

Note that values are distinct from computations: the result

of a computation is drawn from P(V × 𝑄∗), while values

do not carry traces. The portion of the value domain used

for the semantics of closures produces are (meta-)functions

from values to computation results. The combination of non-

determinism and higher-order functions leads to domain

equations with no solutions in Set. These equations have

solutions in various categories of metric spaces [2, 7], which

also ensure the existence of the least fixed points used inwhat

follows. Our results do not depend on any specific category,

as long as the equations have solutions. For brevity we con-

tinue to refer to elements of the powerdomains P(−) as sets.
We assume our metalanguage has monadic structure for

handling undefinedness or errors, and for mapping over

collections. In particular we use

(𝑥,𝑇 ) >> (𝑦,𝑇 ′) ≡ ((𝑥 = ⊥ ∨ 𝑥 = Ω) ? ⟨𝑥,𝑇 ⟩ : ⟨𝑦,𝑇 ·𝑇 ′⟩)

to concisely propagate invalid computations, and for 𝑆 ∈
P(𝐴 ×𝑄∗) and a function 𝑓 : 𝐴→ P(𝐵 ×𝑄∗)

𝑆 >>= 𝑓 ≡
⋃
{𝑓 𝑎 | 𝑎 ∈ 𝑆}

We also pattern-match on pairs when writing metalanguage

functions (denoted by Λ below), rather than using projec-

tions. Wewrite Ω for the injection of𝜔 into the lifted domain.

S⟦−⟧ : Expression→ S
S⟦tt⟧=Λ𝑅. {⟨↑ tt, 𝐼 ⟩}
S⟦𝑥⟧=Λ𝑅. {⟨𝑅(𝑥), 𝐼 ⟩}

S⟦𝜆𝑥 : 𝜏 . 𝑒⟧=Λ𝑅. {⟨↑ (Λ𝑥 . 𝑥 >> (S⟦𝑒⟧(𝑅 [𝑥 ← 𝑥]))), 𝐼 ⟩}
S⟦𝑒1 𝑒2⟧=Λ𝑅. S⟦𝑒1⟧(𝑅) >>= (Λ⟨𝑓 ,𝑇1⟩.

(𝑓 = ⊥ ∨ 𝑓 = Ω) ? ⟨𝑓 ,𝑇1⟩:
S⟦𝑒2⟧(𝑅) >>= (Λ⟨𝑎,𝑇2⟩.
(𝑎 = ⊥ ∨ 𝑎 = Ω) ? ⟨𝑎,𝑇1 ·𝑇2⟩:
(nonfunc(𝑓 ) ? ⟨Ω,𝑇1 ·𝑇2⟩:
let ⟨𝑢,𝑇3⟩ = 𝑓 𝑎 in ⟨𝑢,𝑇1 ·𝑇2 ·𝑇3⟩)))

S⟦ev(𝜒)⟧=Λ𝑅. {⟨↑ tt, 𝜒⟩}
S⟦if∗ 𝑒𝑡 𝑒𝑓 ⟧=Λ𝑅. S⟦𝑒𝑡⟧(𝑅) ∪ S⟦𝑒𝑓 ⟧(𝑅)

S⟦rec𝑓 𝑥 : 𝜏 . 𝑒⟧=Λ𝑅. lfp↑(Λ𝑥.∅) (Λ𝜑. S⟦𝜆𝑥 : 𝜏 . 𝑒⟧(𝑅 [𝑓 ← 𝜑]))
Again, while it may seem odd for the semantics to directly

mention effects (which are used to approximate semantics),

this actually matches typical usage. Often for an effect quan-

tale 𝑄 there is a subset 𝐶 ⊆ 𝑄 of concrete effects which

may arise in executions (e.g., raising a specific single excep-

tion) with the rest of the effect quantale (𝑄 \𝐶) conceptually
grouping them (e.g., tracking sets of thrown exceptions).

1

Collecting Semantics. Our concrete semantics is already

non-deterministic, but still assigns only a single semantic

function to an expression. Thus we still define a separate

collecting semantics in P(S):
C⟦−⟧ : E→ P(S)
C⟦𝑒⟧ = {S⟦𝑒⟧}

4 Concretizing Effect Quantales
As effects are intended to summarize possible program be-

haviours, we can (begin to) treat them as abstract domains.

Eventually we must treat types and typing environments as

well, and relate all of these elements to semantics. But for

now we focus on effects as describing sets of traces:

𝛾0 (−) : 𝑄 → (P(𝑄∗))
𝛾0 (𝜒) = {𝑇 | fold ▷ 𝐼 𝑇 ⊑ 𝜒}

Thus every effect 𝜒 abstracts any and all event traces whose

sequential composition (under ▷) is bounded by (⊑) 𝜒 . Ab-
straction becomes more challenging, because there are traces

for which the fold operation is undefined.

Tate’s effect system [56] (Fig. 2) for non-reentrant critical

section tracking is a compact example of why effect quantale

1
This is not unlike the situation with Kleene Algebras with Tests (KATs) [39],

where the tests are a particular subset of the carrier set. These concrete

effects often play a role similar to the order-theoretic notion of atoms

(minimal non-bottom elements) in abstract interpretation.
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operations are partial: certain sequences (such as acquiring a

non-reentrant lock twice in a row, represented as locking ▷
locking) are considered errors, and by not allowing such

compositions to yield an effect, there is no effect to assign

to code containing the corresponding error.

However our concrete semantics permits such misorder-

ings: for any semantic environment 𝑅, using 𝑒1;𝜏 𝑒2 as short-

hand for (𝜆𝑥 : 𝜏 . 𝑒2) 𝑒1,
S⟦ev(locking);unit ev(locking)⟧(𝑅) = {⟨tt, locking·locking⟩}
This computation is — by design — not abstracted by any

effect in Crit. A similar issue arises with undefined joins:

S⟦if∗ (ev(locking)) (ev(unlocking))⟧(𝑅)
= {⟨tt, locking⟩, ⟨tt, unlocking⟩}

There are two plausible approaches to handling this: par-

tial Galois connections [15, 35], and completions [41, 48].

While partial Galois connections are not new, completing

the partial order structure allows applying the rich existing

literature on abstract interpretations without further modifi-

cation. Thus we complete an effect quantale to a complete

lattice suitable for abstract interpretation in two steps: adding

a completion of the monoid structure to classify undesirable

traces, and completing the order. The order completion is

standard but slightly more involved, so we begin there.

4.1 (Dedekind-)MacNeille Completions
For a partial order 𝑄 (e.g., an effect quantale), and 𝑆 ⊆ 𝑄 , let

(𝑆)𝑢 = {𝜒 ∈ 𝑄 | ∀𝑠 ∈ 𝑆. 𝑠 ⊑ 𝜒} (upper bounds)

(𝑆)ℓ = {𝜒 ∈ 𝑄 | ∀𝑠 ∈ 𝑆. 𝜒 ⊑ 𝑠} (lower bounds)

↓ 𝑥 = {𝑦 | 𝑦 ⊑ 𝑥} ↓ 𝑆 = {𝑦 | ∃𝑥 ∈ 𝑆.𝑦 ⊑ 𝑥}

Definition 4.1 (Standard Completion). The standard, or

(Dedekind-)MacNeille completion M(𝑄) of a partial order
𝑄 is defined as M(𝑄) = {𝑆 ⊆ 𝑄 | ( (𝑆)𝑢)ℓ = 𝑆}. That is, the
completion is downward-closed subsets of 𝑄 which are the

lower bounds of their own upper bounds.

Proposition 4.2. M(𝑄) has several useful properties:
• M(𝑄) is a complete lattice under the usual set operations,
ordered by ⊆.
• 𝑄 embeds into M(𝑄) via 𝜒 ↦→ ↓ 𝜒 ; alternatively, ↓ − is
an order embedding.
• ↓ − preserves all meets and joins that already exist in 𝑄 .

Note that if 𝑥 ⊔𝑦 is undefined in𝑄 , the join of ↓ 𝑥 and ↓ 𝑦
inM(𝑄) is all of𝑄 (not set union of the downward closures).

This essentially over-approximates undefined joins with a

new synthetic top element.

4.2 Effect Quantale Completions
As noted earlier, we must complete not only the order, but

also the monoid: effect quantales (and effect systems) inten-

tionally avoid classifying undesirable behaviours, in part by

leaving ▷ undefined. We must add a way to classify those

behaviours for the Galois connection.

We define a monoid completion operation ⋆(𝑄) on an

effect quantale 𝑄 to add a new element ⋆ if ▷ is partial,

extending ▷ to yield ⋆ whenever ▷ was undefined in 𝑄 . ⊔
is extended such that⋆ is unordered with any other element.

If 𝑄 was already total,⋆(𝑄) =𝑄 .

Then we define the completion C(𝑄) =M(⋆(𝑄)).2

𝛾 (−) : C(𝑄) → P(𝑄∗)
𝛾 (𝑆) = ⋃

𝜒∈𝑆 {𝑇 | fold ▷ 𝐼 𝑇 ⊑ 𝜒}

𝛼 (−) : P(𝑄∗) → C(𝑄)
𝛼 (𝑆) = ⊔ ({↓(fold ▷ 𝐼 𝑇 ) | 𝑇 ∈ 𝑆})

Note that if the completion was more than a no-op, this

concretizes ⋆ to the set of invalid traces and ⊤ to the set of

all traces, as suggested above, yielding a Galois connection

⟨P(𝑄∗), ⊆⟩
𝛾
↼−−⇁
𝛼
⟨C(𝑄), ⊆⟩

on computations, which we can now extend to the full se-

mantics. This is in fact a Galois insertion: 𝛼 (𝛾 (𝑆)) = 𝑆 .

The abstract operations on this domain are then post-

composition of (concrete) effects. And unsurprisingly, post-

composition in C(𝑄) is the most precise abstraction of post-

composition in the semantics: for any effect 𝜒 ∈ 𝑄 :

𝑋 ↦→ 𝑋 ▷ 𝜒 ≡ 𝑋 ↦→ 𝛼 (𝛾 (𝑋 ) ▷ 𝜒)

5 Effect Systems as Abstract Interpretations
We are now equipped to fully model an abstract effect sys-

tem as a construction of an abstract interpretation in Figure

3. Following Cousot [11], we separately treat type environ-

ments and types as domains, and construct the domain for

a typing judgment from these (plus the domain of effects).

The most interesting in this regard is the treatment of the

function type and its latent effect; notice that the function

type does not constrain the execution trace that produces

the function, only the behaviour of the function itself. We

offer the following interpretations for types as an abstract

domain, assuming

𝜏 ∈ Type ::=unit | 𝜏 𝜏−→
′

Γ ∈ TypeEnvironment ::= · | Γ, 𝑥 : 𝜏

Typing =TypeEnvironment × Type × C(𝑄)
ProgramType =P(Typing)

While standard in treatments of type systems as abstract

interpretations, we note for type-systems-oriented readers

that the distinction between Typing and ProgramType cap-
tures the distinction between a chosen typing for a program

expression and the space of all valid typings for a program

2
Note that ⋆ (𝑄 ) may not satisfy the effect quantale distributivity laws;

distributivity is restored by applyingM(−) as well.
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𝛾 (−) : Type→ P(V)
𝛾 (unit) = {tt}

𝛾 (𝜏
𝜒
−→ 𝜏 ′) = {⟨𝑓 ,𝑇 ⟩ | ∀𝑣 ∈ 𝛾 (𝜏). 𝑓 𝑣 ∈ (𝛾 (𝜏 ′) × 𝛾 (𝜒))}

𝛾 (−) : TypeEnvironment→ P(R)
𝛾 (𝜖) = {∅} (i.e., the singleton set with empty function)

𝛾 (Γ, 𝑥 : 𝜏) = {𝑅 ∈ R | ∃𝑅′ ∈ 𝛾 (Γ). ∃𝑣 ∈ 𝛾 (𝜏). 𝑅 = 𝑅 [𝑥 ↦→ 𝑣]}

𝛾 (−) : Typing→ P(V ×𝑄∗)
𝛾 (⟨Γ, 𝜏, 𝜒⟩) = {𝜙 ∈ S | ∀𝑅 ∈ 𝛾 (Γ). 𝜙 (𝑅) ∈ 𝛾 (𝜏) × 𝛾 (𝜒)}

𝛾 (−) : ProgramType→ P(S)
𝛾 (𝑇 ) = ⋂{𝛾 (⟨Γ, 𝜏, 𝜒⟩) | ⟨Γ, 𝜏, 𝜒⟩ ∈ 𝑇 }

Figure 3. Concretizing parts of a type-and-effect system.

expression. For example, a lone variable 𝑥 has a separate

Typing for each type context that assigns a type to 𝑥 .3

𝛾 preserves meets between these two complete lattices:

for any collection 𝑇 𝑖∈Δ:

𝛾

(⋃
𝑖∈Δ

𝑇 𝑖

)
=

⋂
𝑖∈Δ

𝛾 (𝑇𝑖 )

(which is meet preservation because the ordering on Pro-
gramType is ⊇, not ⊆). Thus there is a Galois connection

⟨P(S), ⊆⟩
𝛾
↼−−⇁
𝛼
⟨ProgramType, ⊇⟩

with 𝛼 the unique lower adjoint defined as:

𝛼 (𝑆) =
⋃
{𝑇 | 𝑆 ⊆ 𝛾 (𝑇 )}

i.e., a set of program semantics is abstracted to the union of all

program types whose concretizations include the semantics

in question. This makes ProgramTypes a sound abstraction

of program semantics, and the typings T⟦𝑒⟧ of a program
expression 𝑒 are

T⟦𝑒⟧ = 𝛼 ({S⟦𝑒⟧})
We can now prove soundness of the rules in Figure 1, and

type safety, given the redefinition of typing judgments as

Γ ⊢ 𝑒 : 𝜏 | 𝜒 ≡ ⟨Γ, 𝜏, ↓ 𝜒⟩ ∈ T⟦𝑒⟧ ∧ 𝜒 ∈ 𝑄 .

Lemma 5.1 (Type Safety). If Γ ⊢ 𝑒 : 𝜏 | 𝜒 , then
S⟦𝑒⟧ ⊆ 𝛾 (⟨Γ, 𝜏, ↓ 𝜒⟩)

or stated equivalently,

∀𝜙 ∈ S⟦𝑒⟧.∀𝑅 ∈ 𝛾 (Γ). 𝜙 (𝑅) ∈ 𝛾 (𝜏) × 𝛾 (↓ 𝜒)

Proof. Follows from the definition of concretization. □

Lemma 5.2 (Type Rule Soundness). Each of Figure 1’s type
rules (with 𝜒, 𝜒 ′ ranging over𝑄 , not C(𝑄)) is a valid inference.

Proof. Rule by rule, the soundness follows directly from the

membership interpretation of the judgment. □
3
This consequently means that ∅ is the greatest program type, and Typing
is the least program type.

Note that the restriction of the effect positions in the type

rules to elements of 𝑄 rather than its completion retains the

partial behaviour of the original type rules.

For reasons of space we do not pursue the more tradi-

tional abstract interpretation goal of deriving typing rules

from the abstraction. However the results above are already

interesting for multiple reasons. First, the proofs apply to

a very general class of effect systems, yielding both a more

general connection between effect systems and abstract in-

terpretation than has previously been established. Second,

these results resurface a seemingly overlooked connection

between the abstract interpretation approach to type sys-

tems and the modern approach of what is now called the

logical approach to type soundness [57], where types are given
denotations as formulae in a program logic. But earlier work

in this space [28] used an approach [16] where types were

explicitly given denotations as sets, which were then treated

logically in the same way as in abstract interpretation [12].

A Crit Example. Let us consider two Crit programs,

using acq() as shorthand for emitting the lock acquisition

effect (ev(locking)), and rel() for release (ev(unlocking)).
Let 𝑒1 = acq();rel();, which Fig. 1 gives effect entrant (=
locking▷ unlocking) and type unit: · ⊢ 𝑒1; 𝑒2 : unit | entrant.
Thus Lemma 5.1 implies a corresponding compatible typing:

S⟦𝑒1⟧={Λ𝑅.{⟨tt, locking·unlocking⟩}}⊆𝛾 (⟨·, unit, ↓entrant⟩)
Consider 𝑒2 = acq();acq();, which is ill-typed (locking ▷
locking is undefined in Figure 2) but whose semantics are

classified by a typing:

S⟦𝑒2⟧={Λ𝑅. {⟨tt, locking · locking⟩}} ⊆ 𝛾 (⟨·, unit, 𝑄∪{⋆}⟩)
⋆ must occur in any typing of 𝑒2 in order to classify traces

like locking · locking that the effect system locally rejects.

6 Iteration
Most effect quantales of interest are also iterable, adding an

operator (−)∗ which is useful for giving effects to recursive

programs or unbounded finite repetition:

Definition 6.1 (Iterable Effect Quantale). An iterable effect
quantale 𝑄 carries an additional operator (−)∗ (called iter-

ation) which is monotone (𝑥 ⊑ 𝑦 ⇒ 𝑥∗ ⊑ 𝑦∗), idempotent

((𝑥∗)∗ = 𝑥∗), extensive (𝑥 ⊑ 𝑥∗), non-empty (𝐼 ⊑ 𝑥∗), and
foldable (𝑥∗ ▷ 𝑥∗ ⊑ 𝑥∗).

This is used directly in typing judgments for certain re-

cursive effects [24], and explicit looping constructs, as in:

T-While

Γ ⊢ 𝑒𝑐 : boolean | 𝜒𝑐 Γ ⊢ 𝑒𝑏 : unit | 𝜒𝑏
Γ ⊢ while(𝑒𝑐 ){𝑒𝑏} : unit | 𝜒𝑐 ▷ (𝜒𝑏 ▷ 𝜒𝑐 )∗

The first three properties make iteration a closure operator.

Iteration in an effect quantale is subtle: unlike related struc-

tures such as KleeneAlgebras [38], the effect quantale axioms

do not guarantee a unique least fixed point of the functors

𝐹𝑎 (𝑋 ) = 1 ⊔ (𝑎 ▷ 𝑋 ), and the axioms permit structures with
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infinite descending chains of increasingly lower fixed points

but no least fixed point. Thus in general effect quantales

require a choice of iteration operator, even if in many cases

a unique most precise (least fixed point) exists [25]. Effect

quantales which do possess an optimally precise iteration

are called principally iterable. But in general the details of

iteration depend on the specific analysis. But we have devel-

oped enough structure to recover an equivalent definition

of principal iteration (when defined), and to compare the

most common reusable method of computing iteration to

computation of fixed points in abstract interpretation.

6.1 Principal Iteration via Abstraction
Iteration in the effect system is intended to abstract the fi-

nite iteration of the concrete behaviours, so it is natural to

consider concrete iteration, and then build the most precise

abstraction of that operator. Because effects model, essen-

tially, formal languages over 𝑄 , it is natural to consider

(−)∗ : C(𝑄) → C(𝑄)
𝜒∗ ≡ 𝛼 (𝛾 (𝜒)∗)

where the
∗
on the right is the Kleene iteration operator on

formal languages. This construction validates the expected

axioms, because we are working with a Galois insertion and

the abstraction of an idempotent formal language (one where

𝐿 · 𝐿 = 𝐿) will yield idempotent elements.

This is principal (optimally precise) for C(𝑄). However
the results may not correspond to elements of 𝑄 , since the

completion contains elements which are not embedings of

effects. But we may recover the definition of principal effect

iteration, when defined, by restricting to the case where the

result is the downward closure of a single element:

(−)∗ : 𝑄 ⇀ 𝑄

𝜒∗ ≡ 𝛼 (𝛾 (↓ 𝜒)∗) if ∃𝜒 ′ ∈ 𝑄. ↓ 𝜒 ′ = 𝛼 (𝛾 (↓ 𝜒)∗)
This leaves unresolved the questions of how we may effec-

tively compute the above, andwhat to dowith non-principally

iterable effect quantales. The former, similar to different ab-

stract domains, depends on the specific analysis. The second

should correspond to a widening operator, but we lack space

to explore the details.

6.2 Iteration in Finite Effect Quantales
In the case of finite effect quantales, the least fixed point can

be directly computed by iterative approximation:

Proposition 6.2 (Finite Effect Iteration [25, Prop. 5.11]). A
finite effect quantale 𝑄 is principally iterable, with iteration
𝜒∗ given by iteratively computing successive powers of (𝜒 ⊔ 𝐼 )
until a subidempotent power 𝑛 is reached, i.e., one where

(𝜒 ⊔ 𝐼 )𝑛 ▷ (𝜒 ⊔ 𝐼 )𝑛 ⊑ (𝜒 ⊔ 𝐼 )𝑛

If any power of (𝜒 ⊔ 𝐼 ) is undefined, then 𝜒∗ is undefined.

Proof Sketch. See Gordon [25, Prop. 5.11] for full details, but

briefly, 𝜒 ⊔ 𝐼 ensures the result is extensive and non-empty,

and the iterative powers eventually find an idempotent ele-

ment, which must exist in any finite semigroup [1]. □

Iteration models the limit of finite iteration of a loop body

with effect 𝜒 . Gordon’s description is based on the abstract

characterization of (principal) iteration of an effect 𝜒 as pro-

ducing the least idempotent element 𝜒 ′ (𝜒 ′▷ 𝜒 ′ = 𝜒 ′) greater
than both 𝜒 and 𝐼 . This turns out to be equivalent in not only

result, but method, to how the computation would unfold by

directly computing the least fixed point in abstract interpre-

tation. The iterates in Gordon’s approach are

(𝜒 ⊔ 𝐼 ) ⊑ (𝜒 ⊔ 𝐼 )2 ⊑ (𝜒 ⊔ 𝐼 )3 ⊑ . . .

which by distributivity are equivalent to:

𝐼 ⊔ 𝜒 ⊑ 𝐼 ⊔ 𝜒 ⊔ 𝜒2 ⊑ 𝐼 ⊔ 𝜒 ⊔ 𝜒2 ⊔ 𝜒3 ⊆ . . .

i.e., the sequence given by 𝑆 (𝑖) = ⊔
𝑛≤𝑖 𝜒

𝑖
. This sequence is

of course nearly the same as what results from iterating the

standard fixed point functor 𝐹 (𝑋 ) = 𝐼 ⊔ (𝜒 ▷ 𝑋 ), where the
iterates (starting from 𝐼 ) are

𝐹 0 (𝐼 ) = 𝐼 ⊑ 𝐼 ⊔ 𝜒 ⊑ 𝐼 ⊔ 𝜒 ⊔ 𝜒2 ⊑ . . .

So 𝐹 𝑖 (𝐼 ) = 𝑆 (𝑖) for all 𝑖 . Gordon simply skips the first iterate.

7 Related Work
As discussed in §1, many individual effect systems have in-

dividually been cast as abstract interpretations. Effect quan-

tales are a relaxation of quantales (total complete-lattice-

ordered monoids), which serve as models of linear logic [60],

and have been used to ensure completeness properties in

abstract interpretation [20, 21]. However effect quantales

are weaker (Fig. 2 is not a quantale), and our results are the

first systematic relationship between a broad class of effect

systems (effect quantales) and abstract interpretations.

Unlike some effect systems [44, 49, 50], this machinery

does not treat dependent effects — those where effects may

depend on pure values, even as singletons [25] (for mere

identity tracking, such as for locks [10, 54]). Adapting the ap-

proach of Nicola et al. [44] into our framework would mean

concretizing the type and effect of a typing jointly, which
would also be rich enough to treat cases like Skalka et al.

[52] where an effect can depend on a returned value. But

more general treatments where arbitrary values may be men-

tioned in effects requires extending the Galois connection

further, with concretization of effects carrying a signature

𝛾 (−) : C(𝑄) → P(R→ P(V ×𝑄∗))

More subtly, thismachinery does not treat type-dependency

in effects, where effects must be mutually defined with types.

This is required for effect systems dealing with continua-

tions [24, 49], where effects must track the types of values re-

turned. This would be a more substantial investigation, as ab-

stractingmutual definition of types and effects is simply a del-

icate balancing act; see Gordon [25] for a syntactic example.
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This approach also does not yet extend to polymorphism

over effects (or types), though this plays a major role in

practical expressive effect systems [8, 26, 46, 58] — or more

precisely, a gap remains between extending the results above

(which would be adequate for soundness) to a working in-

ference tool. Cousot [11], whose approach we followed here,

applied his technique toML-style prenex type polymorphism.

The key difficulty is that while inferred types are usually re-

solved by term unification (in the sense of term algebras, not

program terms), effect systems satisfy a range of algebraic

equations, rather than merely structural congurences. Most

effect systems which have explicitly cast themselves as ab-

stract interpretations have not included effect polymorphism,

so all calculations can be done directly if the effect operations

(join, etc.) are computable. Skalka [51] includes a form of

effect polymorphism where effect variables are replaced by

references to which methods were called, essentially adding

new atomic effects to their trace effects, and still working in

a fragment of a free structure over atomic events. Commu-
tative effect systems can extend the approaches of Jouvelot

and Gifford [34], or in some cases (such as Flix [42]) boolean

unification [36]. But in general effects with effect variables

are essentially non-commutative polynomials, making the

problem much more difficult.

Resolving all of these limitations, systematically for effect

systems writ large, is worthwhile future work.

8 Conclusion
This paper gives the first systematic formal connection be-

tween (flow-sensitive) effect systems and abstract interpre-

tations. By following the approach of Cousot [11] extended

with a completion of effect quantales into an abstract domain,

we were able to prove soundness of a type-and-effect system

as a fragment of an abstract interpretation. This provides a

basis that can be used to develop abstract interpreters that

analyze programs according to an effect system, potentially

yielding a productive approach to effect inference.
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